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Motivation

m How to measure the (time) complexity
of algorithms in functional programming
languages?

m The A-calculus and Turing Machines
compute the same expressions.

m s there a way to relate them from a
complexity p.o.v.?

RAM

Turing Machines
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The A-calculus is invariant
(B. Accattoli and U. Dal Lago, 2016)

The technique

The A-calculus is implemented by a low-level language called
the Linear Substitution Calculus (LSC).

A notion of useful evaluation defined on LSC is shown to be
invariant.
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Principles of useful evaluation

Sharing structures:
B (xx)[x < yid] is already a normal form

Substituting by an abstraction: iff it contributes to the
creation of a distant beta redex.

x[x —id]y — id[x<—id]ly v
x[x —id] — id[x—id] X
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Our contributions

m Inductive definition of useful evaluation
for open weak CBV (uocbv®).

m Semantic interpretation of useful evaluation
through quantitative types (System % %).

5/14



The calculus uocbhv®

Operational semantics

. . . . L
m Information on the evaluation context is stored in —:

{db,lsv,sub(xlv)}: names

o/ variables bound by (indirect) abstractions
& variables bound by structures

u: term is in applied/non applied position

(AXE)L 5= db o, 7t [X = SIL X, ) etUix), 7,0V

t;sub(x_v),dU{X}.Y,ut, x¢AdUS vLe HAbSQ(

t[x — VL] S iu,0r, 7t [x — V]L

m Inspired by A Strong call-by-need calculus, T. Balabonski, A.
Lanco, G. Melquiond.
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uocbv®
Operational property

Diamond property

t

S\

t1 to

Corollaries
(All) sequences to normal form have the same length.

The relation =, 4 » e is confluent.
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Intersection types

To=alt—T|TNT

Idempotent
(tnt=1)

Non-ldempotent
(tnTt#71)

Coppo & Dezani (1978)

Gardner (1994)

Qualitative properties

Quantitative properties

Ny
~ ~
LA LA AL L]
FP:Int 7P :Int
— —

P normalizes

and returns an integer

P normalizes after n steps

and returns an integer
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Type System % ¥

Grammar of types:

M — M
none | A

M = n| S T
5 [Tklkex M7

m Hereditary abstractions are typed with .#.

m Structures are typed with n.

m Normal forms are typed with tight constants tt::=n|[]
m Controlled form of weakening %17 <QMo:

none {tt A 1M
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Type System % ¥
Tightness (Accattoli, Graham-Lengrand, and Kesner)

m Exact information from minimal typing derivations.
mynz:nkL0) Axy)zin v/
m y:nH09 Ax.y:[none —n] X
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Type System % ¥
Tightness (Accattoli, Graham-Lengrand, and Kesner)

m Exact information from minimal typing derivations.
mynz:nkL0) Axy)zin v/
m y:nH09 Ax.y:[none —n] X

Typing rules

n=ta(4) (Tiixc ] M) 2 A7) g
Xl FON s gl iy Ty i miticre) Ay ¢ [t} — el

rEme) e[’ — ) < AFT) s
[+ ARdrmemiere) oo 4

Counters (m, e) represent exactly the number of reduction steps:

m m: number of distant beta steps
m e: number of substitution steps
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System % %£: example

System % &£ is resource aware: all hypothesis must be used.

y:in;x:none (00)

(0,0)

y:n

Ax.y : [none — n] none <In z:nk

(0,0)

y:nk zZ:n

yimznkE®0) (Axy)z:n
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System % %£: example

System % &£ is resource aware: all hypothesis must be used.

y:in;x:none (00)

(0,0)

y:n

Ax.y : [none — n] none <In z:nk

(0,0)

y:nk z:n

yimznkE®0) (Axy)z:n

The meaning of [] is not the same as the one of none.
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System % ¥

Results

Theorem (Exact characterization of normalization)

t is tightly typable with counters (m,e) in system % ¥

b

t normalizes in uocbv® after m db-steps and e |sv-steps

Moreover, system % £ characterizes strong normalization:
m System % £ characterizes (weak) normalization

m uocbv® enjoys the diamond property
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Conclusions:

m The inductive nature of uocbv® allows us to define the first
semantic interpretation of useful evaluation, system % %.
m System % £ provides:

m Qualitative props.: characterizes termination of uocbv®
m Quantitative props.: provides exact measures for reduction
sequences to normal form

Simpler than syntactic presentations of useful evaluation.

Future work:

m Design type systems for more complex settings of useful eval.

m Extend useful evaluation to strong CBV.

m Relate uocbv® to other presentations of useful evaluation.
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Linear Open CBV (locbv®)

Semantics

/
ti’sub(xvv) t

(Ax.t)Ls>gpt[x —sL  x®qb, v tx— VL], t'[x — v]L

Congruence rules:
to,t! 5,5’

tso,t's  tse,ts

to,t xefv(p) 52,8’

tx — sl t'[x —s]  tlx—s]e,tx—5]

15/ 14



uocbv’
Semantics
Reduction rules:

(AX.t)LS;de‘Q{,y,Mt[X — S]L X;sub(xvv),du{x},y,@ v

t;sub(xyv),.ssz{X},e,(/,Ht/ X ¢ AdUSL vLe HAbSd

t[x — VL] >isy,cr, 7t [x — V]L
Congruence rules:

L] / Y , ° /
t—p,e, 70t teSty s—p .70 S—=p,o4,7,@S

ts—po 7 ut's ts— .o uts t[x — ] p o7 putlx — 5]

t=p oot S€EHAbsy xed U xéfu(p)

t[X — S]L’p,,d,,s'/’,p t'/[X — S]

t;p,d,YU{x},yt, seSty x¢AUS x¢fv(p)

t[X — S];pﬂgg“;ﬂ,u t‘l[X — S]
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Useful Open CBV

Normal forms

xeod = u=@Q

X € NF;%(V'H Ax.teN F;{,y,@

teNF}, , o S€ NF;%y@

tse NFvQ{,y’“

tENF;i,U{X}_y,# SENF;ﬁy;'@ s e HAbs,,

t[x —s]e NF;ﬁy#

te NFd,Yu{x},p seNF, 4o seSty

t[x —s]eN F;g,’yy”
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System % ¥

Typing rules

n=ta(./) reme) en Ar(me) sy
var - - appP
x: -0 x gy [+ApR(mmiere) o

(Tj;x: “%i? (miei) ¢ . Niiel

> abs
e Ty b Criemirkiel®i) At [Ld] — Aie)

r=meefa’ — ) < A" s
[+ ApLememiere) oo y

appC

F;X:M?I—(m'e)tzﬂ Mau AT s gy
r+AR(memere) iy o n

es

Counters represent exactly the number of reduction steps:
m m: function application steps
m e: substitution steps
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